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Abstract. Photon—-photon and photon-phonon anticorrelation effects in Raman scattering
are studied theoretically. The Heisenberg equations of motion describing Raman scattering
are solved in the short-time approximation. The laser, Stokes, anti-Stokes and phonon
modes are quantised. The joint normally ordered characteristic functions are evaluated for
modes exhibiting anticorrelation effects. The problem of existence of a Glauber-Sudarshan
quasi-distribution function related to anticorrelation effects is considered. The magnitude
of the anticorrelation effects depends on the initial statistical properties of the photon and
phonon modes.

1. Introduction

It has been known for some time (Shen 1967, Walls 1973, Simaan 1975) that the
statistical properties of Stokes and anti-Stokes fields depend strongly on the initial
statistical nature of the photons and phonons. The purpose of this paper is to consider
anticorrelation effects in Raman scattering by phonons from a quantum statistical point
of view, and to answer the question of whether and how the anticorrelation effects
depend on the initial statistical properties of the photons and phonons.
Anticorrelation effects can occur in individual modes as well as between different
modes. In the first case, the variance of the number of photons is less than the average
number of photons {or equivalently, the variance of intensity is negative) and the
photo-counting distribution becomes narrower than the corresponding Poisson dis-
tribution for a coherent state (Pefina 1972). In the anticorrelation effect occurring
between two different modes, the covariance function for the number of photons is
negative. Anticorrelation effects have been studied for parametric amplification pro-
cesses (Stoler 1974, Mista and Pefina 1977), second-harmonic generation
(Kozierowski and Tana$ 1977, Kielich et 1978, Pefinova and Pefina 1978, Mostowski
and Rzazewski 1978, Drummond et al 1979), two-photon absorption (Simaan and
Loudon 1975, Bandilla and Ritze 1976, Chatarvedi et al 1977) and two-photon
stimulated emission (Yuen 1976). With regard to resonance fluorescence, the predic-
tion of photon antibunching was made by Carmichael and Walls (1976), and photon
anticorrelation was detected experimentally by Kimble ef al (1977). In the present
paper we consider the possible existence of anticorrelation effects in stimulated and
spontaneous Raman scattering between the incident laser and scattered field (Stokes
and anti-Stokes radiation) and between photons and phonons. In our investigation, we
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apply the model Hamiltonian for Raman scattering suggested by Mollow and Glauber
(1967) and extended to the trilinear case by Walls (1970). The Heisenberg equations of
motion describing the dynamics of the Raman scattering are solved in the short-time
approximation. In our treatment all fields—laser, Stokes, anti-Stokes and phonon—
are quantized. The molecular vibrations are described by chaotic phonons. The
incident laser field is coherent. We consider the Stokes and anti-Stokes fields as being
initially coherent, or chaotic. Using the solution of the Heisenberg equations of motion
we evaluate the quantum normally ordered characteristic functions. With the help of
these functions, we calculate the variances of intensity and covariance functions for the
photons and phonons. We consider the existence problem of normally ordered
quasi-distribution functions.

2. Hamiltonian formulation of Raman scattering by phonons

The single act of Raman scattering by phonons may be described as follows. A laser
photon with frequency w, incident on a Raman active medium is annihilated, and a
phonon with frequency w, and a Stokes photon with frequency ws = w, — wp, are created.
Alternatively, an incident laser photon together with a phonon may be annihilated and
create an anti-Stokes photon with the frequency w, = w;+w,. Therefore, the model
Hamiltonian describing the above Raman scattering has the form (Walls 1970, 1973,
von Forester and Glauber 1971)

H=H,+Hs+H, 2.1)
Ho=hwdid+hwodsd,+hwsdsds + hw.ds da (2.2)
H, = h(#s4,:d,d3 +HC) (2.3)
H.=h(#.44,4; +HC) (2.4)

where w,, 41, 4; ws, ds, ds; wa, da, da and wy, 4,5, d, denote the frequencies and the
creation and annihilation operators for laser, Stokes, anti-Stokes and phonon modes
respectively. The Stokes coupling constant %5 and anti-Stokes coupling constant 7,
contain the phase integrals

j exp[—i(k,~ k, — ks) . 1] d°r
and
f exp[—i(ki+ ko —kJ) . r]1d’r

respectively, where k; are the wavevectors of the modes. The dynamics of the system
described by the model Hamiltonian (2.1) are given by the following equations of
motion in the Heisenberg picture:

ddy(e)/dt = —iwndi(t) — 1964, (1) ds(t) 1965 a% (1)da(r) (2.5)
da(6)/dt = —iw,dy(t) ~ iHsdi(1)ds (1) — 1947 (1)da(P) (2.6)
das(t)/dt = —iwsds(t) —iHsdi() a5 (1) 2.7)

dd.(1)/dt = —iwa.da(t) —1941(2)dp(r). (2.8)
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Denoting the number operators d; (¢)d(¢), ds (t)ds(t), da (¢£)da(t) and d, (1)d (1) by
A1), As(t), Aa(r) and A(t) respectively, we may verify that the conservation laws for the
number operators are given by

(d/de)(Ai(2) + As(2) + Aa(2)) =0 (2.9)
(d/dn)(AL(2) + Aa(r) — As(t)) = 0. (2.10)

Thus we find that A4i{¢) + As(¢) + A.(¢) and A,(r) + A (2) — Ais(r) are constants of motion in
the Raman effect and are simultaneously satisfied for any time. The Heisenberg
equations of motion (2.5)-(2.8) are coupled nonlinear equations. In order to solve
them, we had recourse to the short-time technique described and applied by Agrawal
and Mehta (1974) and Gambini (1977) to study the dynamics of parametric processes
with a trilinear Hamiltonian. Using the short-time technique we can write an approxi-
mate solution (up to second order in ) of the Heisenberg equations (2.5)-(2.8) in the
form

ae) =[a,—iEd ds— X 14,6, — Y Hs|*Pa(ESds+a .+ 1)

Lap 2.2 a+a _ ata . (2.11)

+3| 9 12 a\(ds da—dp dp)] exp(—iant)
ds(t) =[ds—i%utdidy +3 Hs Pa (47 4 — G dy)

—SHHE P A+ 3K Ha 2G4 ] exp(—iwst) (2.12)
da(r) =[da—1%atdid, — 3 HS P d.(GT 41+ d5d,+ 1)

3K H A~ S H s Hut 47 G ] exp(—iw, 1) (2.13)
dp(t) =[8,—1Hstd @3 —iH 147 a—5\Hs|* 128, (45 ds — a1 dy)

—3|%.%%a,(d7 41— 41 d.)] exp(—iwpt) (2.14)

where d;=d;(0).

3. Time variation of the quantum characteristic functions

In order to describe the statistical properties of nonlinear interaction between photons
and phonons in Raman scattering, we use joint normally ordered characteristic
functions. The joint normally ordered characteristic function for two different modes /
and j is defined by the relation (Mehta and Sudarshan 1965, Mehta 1967, Glauber
1966, Pefina 1972)

Cn (B, By D)injy=Tr[4(0) exp(B:di (1) + B;d; (1) exp(—BFdi(t)— BT (1))
(,j=LS,a,p) (3.1)

where

HOE j On(Eiks, €as £p, O)|&i, Es, Eas EN(EL &, £ay &] A28 d°Es 8, d%¢, (3.2)

is the total density operator of the system in the Glauber-Sudarshan representation at
the initial time ¢ = 0. The & = |£| exp(i¢;) are the eigenvalues of the photon and phonon
annihilation operators, ¢; denoting the initial phases of the modes. The joint normally
ordered characteristic function for two modes contains all statistical information about
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the interaction between them. With the joint characteristic function available, we can
easily determine the correlation between the number of bosons by means of photon-
photon covariance functions and photon—phonon covariance functions

(AW,AW)) =(a7 (Nd:i(NE] (d;(0)— (a7 (NA:()XAT (1d; (1)

= BACN(Bi, Bis t)
3Ba(—BF)oB;8(—BF) Bi=8;=0

_POn(B:Bi=0,0)| I CnBi=0,8;1)
3Bid(—B¥) g=0  Bo(—BT) 8;=0

The covariance functions (3.3) may be positive, negative or zero. In the first case we
have a correlation, whereas in the second we have an anticorrelation between bosons in
two different modes. In the third case the bosons are not correlated. Putting 8, =0 or
B; =0 in equation (3.1) we obtain the characteristic functions for individual modes.
With the help of these functions, the average numbers of photons and phonons and
variances of intensity and higher-order moments for individual modes can be cal-
culated. The boson variance of intensity is given by

(AW =(a73(Da (1) — (&7 (di(1))

(3.3)

(i,j=1S,a,p).

34CN(3:', t) 32CN(B:‘, t) 2 ,
=gy ot =1S,a, _
B =B 5,0 (Gassr) B.:o) (i=15ap) 34
where
NI o (- 1))
(d; (t)ai(t)>———63i8(—ﬂ?‘) - (3.5)

is the average number of bosons. When the variance of intensity is negative, we have
the so-called antibunching of bosons (Pefina 1972), i.e. anticorrelation between
photons or phonons in individual modes. Positive variance of intensity is evidence of
correlation between bosons (bunching of bosons). If the value of the variance of
intensity is zero, the bosons in a mode will be uncorrelated. Anticorrelation between
modes i and j is associated with the non-existence of a joint normally ordered
quasi-distribution function ®n(¢}, £}, ¢), which is defined by the inverse Fourier trans-
form of the joint characteristic function (3.1)

dulel €, 1) =(1/7°) f Cn(Bs Bj, 1) exp(—Bi€* — B&1* + B¢ +BFB;) 4B, d°B. (3.6)

The non-existence of the function ®n(&], £}, t) does not exclude the existence of
quasi-distribution functions ®n(&, £) and dn(E], 1) separately for the modes i and j
unless antibunching of bosons occurs in these modes.

4. Anticorrelation effect between laser and Stokes modes

In this Section we consider anticorrelation between the laser and Stokes photons. The
joint normally ordered characteristic function for the incident laser mode and Stokes
mode can be written using equation (3.1) in the form

Cn(Bi, Bs, 1) =Tr[3(0) exp(Bid, () + Bsds (¢)) exp(—Bidi(t) — BEds(1))]. 4.1)
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We evaluate the characteristic function (4.1) in the case when the initial states of the
laser, Stokes and anti-Stokes modes are coherent states but the phonon mode is chaotic,
i.e. when the initial total density operator of the system has the form

5O =(1/7m) [ expl=l6 nolles, &5, £Es b, £ £l & (4.2)

The average number of phonons at the time =0 is denoted by n,. Inserting the
solutions (2.11) and (2.12) of the Heisenberg equation of motion into equation (4.1),
performing normal ordering with the help of the Baker-Hausdorff identity up to ¢> and
taking the trace, we obtain

Cn(By, Bs, t) = exp[BitF (1) + Bsed (1) — B &(1) — BEEs(H) — B Bi(t)

"|3s[2Bs(f) + (%Bikzcx(t) +B¥BEDs(t) + BBEDs(1) + cO)], 4.3)

where
&(1) =& =3P 2| + np+ 1) +3 %P (& — )] exp(—iant) (4.4)
&s(t) = [£s+3 KPP &s (6 — np) + 35t £7 €5 ] exp(—iws?) 4.5)
C(t) = —HEHF P £s£.(2n, + 1) exp(—2iwyt) (4.6)
Bi(1) = |95 )& np + | 2] (np + 1) 4.7)
Bs(t) = |3|** & (np + 1) (4.8)
Dis(t) = —|9#s|* 1 6iés(np+3) expl—i(wi1+ ws)t] (4.9)
Dis(t) = —Hs Hut* 61£¥ (n, + 1) expli(w; — ws)1]. (4.10)

The above characteristic function contains all statistical information about interaction
between the laser and Stokes modes in spontaneous and stimulated Raman scattering.
If only the spontaneous Raman effect takes place, then & =&, =0 (the Stokes and
anti-Stokes modes are in vacuum state at the time ¢ =0). With the help of equations
(3.4) and (4.3) we find the variances of intensity for the laser and Stokes radiation. We
have

(AW)?)y = BE () +2Bi()|&(D] + (GO EF (1) + o)
= 2[5 2|61 &*np + 20 PP 6P P (p + 1)
—12(2np+ 1)(Hs HokF*£sa+ CC) 4.11)
(AW.)*) = B3 (1) +2Bs(1)|&s(t) = 2| 36L& P &5 (mp + 1). 4.12)

Similarly, using equations (3.3) and (4.3), we find the covariance function for the laser
and Stokes photons:

(AW, AWs) = |Dis(t)]* +|Dis()]* + (Dis(0) & (1) €% (1) — Dis(D)&(1) €2 (1) + )
= —|96s)* 2|67 €5/ 2y + 1) + P (np+ 1) HsFulF £s£, + CO). (4.13)

In spontaneous Raman scattering, the variances of intensity (4.11), (4.12) and covari-
ance function (4.13) are zero up to ¢, In the stimulated Raman effect, there occurs
bunching of laser and Stokes photons. From equation (4.13) we see that the covariance
function for the laser and Stokes photons depends on the phases ¢, ¢s and ¢, of the
initial laser, Stokes and anti-Stokes modes respectively. On assuming the phase
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matching
Aks.=kFk,—ks,=0

and the following relation for the phases A¢ =26, — ¢s— ¢ = 7, we obtain the maximal
anticorrelation between the laser and Stokes photons

(AW, AWs) = —331%| &7 &sP (2np + 1) — 296 Hat*| &7 &6l Eal 1o+ 1), (4.14)
For Aks,=0 and A¢ = 7/2, we have
(AW, AWs) = —%31% &P 1és)* 2np + 1), (4.15)

From equation (4.13) we see that anticorrelation between the laser and Stokes photons
does not depend on the phases ¢, ¢s and &, when anti-Stokes radiation is in the
vacuum state at the time ¢ = 0 (only stimulated Stokes emission takes place). One easily
notes that, even at n, =0, bunching of laser and Stokes photons and anticorrelation
between them exist as a result of phonon vacuum fluctuations:

(AWD?) = 2|2 L& g5 — P (HsSat T Esa+ CO) (4.16)
(AWe)®) =2|5¢5)* &P |és (4.17)
(AW, AWs) = —| Hs 1|67 &5 + £ (Hs Hab P £sta + CO). (4.18)

One can prove that, when the initial state of the system is a coherent state in all four
modes the covariance function for the laser and Stokes modes is equivalent to the above
function (coherent phonon mode describing acoustical wave Brillouin scattering).
Therefore the magnitude of the anticorrelation between the laser and Stokes photons
depends on the initial statistics of the phonons. When anticorrelation between the laser
and Stokes photons occurs the joint normally ordered quasi-distribution function
Dn(El, &s, t) for the laser and Stokes modes does not exist, but quasi-distribution
functions ®n(£1, £) and Pn(Es, 1) exist separately for the laser and Stokes modes. Let us
examine these functions. Putting 8, =0 in equation (4.3) we obtain

Cn(Bs, t) = exp(Bse(t) — BE¢s(1) — |85 Bs(1). (4.19)

The quasi-distribution function for the Stokes mode obtained by using the inverse
Fourier transform of the function (4.19) is given by a Gaussian function:

Dn(s, 1) = (1/mBs(1)) exp(—|&s — &s(1)*/ Bs(1)) (4.20)

where the variance Bs(t) = | #s|°t%|&|*(n, + 1) describes the noise present in the Stokes
field from spontaneous Raman scattering. Therefore, the above quasi-distribution
exhibits a superposition of noise on the coherent amplification of the stimulated Raman
effect. Similarly, we obtain the quasi-distribution function for the laser field neglecting
for simplicity the rotational terms Cy(¢) and C{* (1)

Ou(gl, 1) = (1/wBi(r)) exp(— &l — &(1)[*/ Bi(1)) (4.21)

where the variance Bi(t) is given by equation {4.7).

Therefore, the initially coherent laser radiation does not remain coherent for ¢ > 0.
As seen from equations (4.20) and (4.21), these are functions well known from
nonlinear optics (Walls 1973, Agrawal and Mehta 1974, Pefina 1972, Pefinova and
Pefina 1978). The joint normally ordered characteristic function for spontaneous
Raman scattering (& = £ = 0) has the form:

Cn(B1, Bs, 1) = exp (Bi£Y (1) — BF&(1) — | Bs* Bs(1)) (4.22)
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where
&() =[&— 3967 &(np + 1) — 3|91 ing) exp(~iwnr) (4.23)
Bs(1) =|9%s["*l&f (np + 1. (4.24)
Taking the inverse Fourier transform (3.6) of the function (4.22), we obtain
On(&i, £st) = D€, )DN(Es, 1), (4.25)
where
CNGREE GRS 0) (4.26)
Dn(gs, 1) = (1/mBs(0)) exp(—|&5[*/Bs(1)). (4.27)

It may be noted that in spontaneous Raman scattering the laser and Stokes modes are
uncoupled up to ¢2. The quasi-distribution function for the laser field (4.26) is given by a
two-dimensional Dirac delta function, meaning that the initially coherent laser mode
remains coherent for ¢ >0. The Stokes mode is described by the Gaussian function
(4.27) centred at zero with the variance Bs(t) = | #s[*t*|&|*(n, + 1) describing noise from
spontaneous Raman scattering.

In order to study how anticorrelation between the laser and Stokes photons depends
on the statistical properties of the initial Stokes and anti-Stokes states, we evaluate the
characteristic function (4.1) when the laser field is coherent but the Stokes, anti-Stokes
and phonon modes are chaotic before the interaction, i.e. when

j exp(—‘isli_l_fﬂ_Iz_l_fgl_z)

s Ha Ry

p(0)=

h 71'3nsn1,np
X |&, £s, Ear EsXE Es, £y &o| A28 A6, A7, (4.28)

where ng and n, are the average numbers of the Stokes and anti-Stokes photons
respectively at the time ¢ = 0. Using the.same procedure as in the first case, we obtain

Cn(Bi, Bs, 1) = exp(Big (1) — BT &(t) — |BiI* Bi(r) — |Bs/* Bs()

~BilBs|*Giks (1) + B |Bs”Giss(r) +|BI’|Bs|* Bis (1)) (4.29)
where
&(t) =&YK Pa(ns+ np+ 1) + 3 Hu 2 &(na — np)] exp(—iwt) (4.30)
Bi(t) =95/ Pnsny + | P na(ng + 1) (4.31)
Bs(t) = (ds (Nds(1)) = ns +|Hs| *& (ns+ np + 1) = |#s*Pnsn,  (4.32)
Giss(t) = _I%S|2t2§ln5(np +3ns +%) exp(—iw?) (4.33)
Bis(t) = | s> nin,. (4.34)

The variances of intensity and covariance function have the form
(AW)? = BY (1) +2B,(|&(0)

= 2|%#s[*1*|&*nsnp + 2| 971716 na(np + 1) (4.35)
(AWs)?y = B3 (1) = n3 + 2| %> *1& ns(ns + np+ 1) — 2| % |**nn, (4.36)
(AW, AWs) = Giss(1&F (1) + Giss (1) &(1) + Bis(r)

= ~| %’ &P ns(2n, + 1)~ |96 nd||&l ~ ny). 4.37)
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The above expressions lead to the following results: (i) the value of the covariance
function (4.37) is negative (in practice, the average number of the laser photons is more
than the average number of the phonons at the time ¢ =0, i.e. |&|* > n, (Wang 1969));
(ii) the bunching of Stokes photons is higher for an initially chaotic than for a coherent
Stokes field (relations (4.12) and (4.36) respectively); (iii) the bunching of laser photons
and the anticorrelation between the laser and Stokes photons do not depend on the
initial phases of the photon modes; (iv) the anticorrelation effect (4.37) and the
bunching of photons (4.35) and (4.36) take place even at n, = 0, but do not exist in the
absence of stimulated Raman scattering; (v) no joint normally ordered quasi-dis-
tribution function ®n(£1, £5, £) exists for the laser and Stokes modes in the presence of a
stimulated Raman effect; (vi) normally ordered quasi-distribution functions ®n(&, £)
and ®n(&s, t) exist separately for the laser and Stokes modes in the presence of
stir?ulated Raman scattering and are given by equation (4.21) with |&|* = ns and
|¢.* = na and

On(gs, 1) = (1/mBs(1)) exp(—|&s 2/ Bs(t)) (4.38)

respectively. The variance Bs(t) of the Gaussian function (4.38) is given by the average
number of Stokes photons (4.32) and describes the degree of chaos in the Stokes mode
from spontaneous and stimulated Raman scattering. Therefore, the initially chaotic
Stokes mode remains chaotic for ¢ >0.

3. Anticorrelation effect between the laser and anti-Stokes modes

In this Section we consider the existence problem of anticorrelation between laser and
anti-Stokes photons. When the initial total density operator is given by equation (4.2),
the joint normally ordered characteristic function for the laser and anti-Stokes fields is
of the form:

Cn(B1, Bay 1) = exp[Bi&if (1) + Baka (1) = BTF&(1) — BE&(F)
—|Bi*Bi(t) ~|Bal*Ba(t)

+EBFA(NCU(0) + BFBED(1) + BiBEDia(t) + cC)] (5.1)

where

&(t) =& -3 P& + np+1)+ 3 %a|2t2§l(|§a’2 —ny)] exp(—iwt) (5.2)
&) = [La— AL L& + np+ 1] -39 Hut €165 Y exp(—iwat)  (5.3)
Ci(t)=—FEHEtes£.2n,+ 1) exp(—2iwyt) (5.4)
Bi(t) = |95 |&s np + |92 |€af* (np + 1) (5.5)
Bu(n) =8l n, (5.6)
Dp(t) = =| ) P eiéa(np +3) expl —i(w) + wa)t] (5.7)
D(t) = — Hs ¥t 6165, expli(wr~ wa)t]. (5.8)

The variance of intensity for the laser field is given by equation (4.11). From equations
(5.1) and (3.4) we find

(AW)?) = BZ(t)+2Ba(0)|&a(0))* = 2|36, | 67| & s (5.9)
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The above relation shows that bunching of anti-Stokes photons occurs in stimulated
Raman scattering. The covariance function for the laser and anti-Stokes field is given
by

(AW, AW,) = |Dy(0)? + | Dia(t)? + (Dra(0)&F (02 (1) — Dia() (D &1 EX (1) + c0)
= — |l 12|67 £al?2np + 1) + P np(HsHati *£séa+ CO). (5.10)

Assuming phase matching Aks,=0 and putting A¢ = we obtain the maximal
anticorrelation between the laser and anti-Stokes photons

(AW, AW, = —R22 &P 16 Qny + 1) — 286 96,8 6 | €6l gal . (5.11)
For Aks, =0 and A¢ = /2 we have
(AW, AW, = — 287|616 (2n, + 1), (5.12)

One may note that the phase-dependent terms in equation (5.10) equal zero when
stimulated anti-Stokes radiation takes place only. If initially n, = 0, the relations (5.9)
and (5.10) become

(AW)*=0 (5.13)
(AW, AW, = —|%. |6 lel. (5.14)

It can be proved that the covariance function (5.14) is equivalent to the covariance
function for the laser and anti-Stokes fields when all modes are in coherent states at the
time ¢ = 0. From equation (5.13) we see that the anti-Stokes field tends to be coherent
during the interaction. No identical effect occurs for the Stokes mode (see equation
(4.12)).

The existence of anticorrelation between the laser and anti-Stokes photons excludes
the existence of a joint normally ordered quasi-distribution function ®n(£1, €5, t) for the
laser and anti-Stokes modes. The quasi-distribution function for the laser mode is given
by equation (4.21), whereas that for the anti-Stokes mode is given by

On(és, 1) = (1/7Ba(t)) exp(—|£L — &)/ Ba(t)). (5.15)

This is a Gaussian function centred at £,(r) with variance given by (5.6). If n, =0, the
function (5.15) tends to the Dirac delta function

dn(en, 1) =8D(£L - £(0)). (5.16)

Therefore, when n, =0 the anti-Stokes mode remains coherent at t>0. In spon-
taneous Raman scattering the laser and anti-Stokes modes, likewise to the laser and
Stokes modes, are uncoupled; therefore

Dn(g], £at) = Dulél, DL 1) (5.17)
where ®n(¢1, £) and Bn(£4, 1) are given by equation (4.26) and
Dulgs, 1) = (1/7Ba(1)) exp(—|€i*/ Ba(t)) (5.18)

respectively. The variance of the function (5.18) is given by (5.6) and describes the
noise from spontaneous Raman scattering. We see from equation (5.18) that the
anti-Stokes mode is in the vacuum state when n,=0.

If, in the initial state, the laser mode is coherent but the phonon, Stokes and
anti-Stokes modes are chaotic, i.e. when the total density operator at the time t =0 is
given by equation (4.28), the joint normally ordered characteristic function for the laser
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and anti-Stokes field is given by
ClBy, Ba, 1) = exp(Bit (1) — BF&(1) — B> Bi(t) — 1B’ Ba(1) — Bl Ba]* Gita (1)

+ B |Bal* Graalt) + 181 Bal* Bia(1)) (5.19)
where
&(0) =[a— K P b(ns +np+ 1) + Y P &(na— np)] expl(—iwit) (5.20)
Bi(t) = |%#s|**nsnp+ | #a P na(n, + 1) (5.21)
Ba(t) = na+ |3 6% (np— na) = |2 P na(np + 1) (5.22)
Graat) = ~|Ha* P ina(np ~ 312 +3) (5.23)
Bu(t) =% 1*ni(n,+1). (5.24)

The variance of intensity for the anti-Stokes radiation is determined by the following
relation with accuracy up to ¢*:

(AW.*) =Bi(t) = (da (nNda())*. (5.25)
The covariance function (AW, AW,) has the form
(AW AW,) = Graa(DEF (1) + Gla (1)&(1) + Bia (1)
= |96 |6 na2n, + 1) + | P nG (6P + np+ 1) (5.26)

The function (5.26) is negative when |&|*> n, > n. which, in practice, takes place.
Therefore we have

(AW, AW,)<0. (8.27)
If np, =0 the function (5.26) is positive and we have the correlation effect
(AW AW, =3[ nd + ol (na— 1)]> 0. (5.28)

One may note that for the laser and Stokes photons, if n, = 0 anticorrelation occurs. In
the presence of the anticorrelation effect (5.27) the joint normally ordered quasi-
distribution function ®n(£1, &5, t) for the laser and anti-Stokes modes does not exist.
The function ®n(£1, ¢) is given by equation (4.21) with |£&]*> = ns and |&,* = n..

The quasi-distribution function for the anti-Stokes mode is of the form

On(és, 1) =(1/7Ba(t) exp(— |4’/ Ba(1)) (5.29)

where the variance B,(t) is given by equation (5.22) and describes the noise from the
spontaneous and stimulated Raman effect. From equation (5.29) we see that the
initially chaotic anti-Stokes mode remains chaotic for ¢ > 0.

6. Photon-phonon anticorrelation effect

The existence of anticorrelation between incident and scattered photons obviously
poses the question of the existence of anticorrelation between photons and phonons. In
what follows, we shall consider the possibility of such anticorrelating. For clarity, the
photon—-phonon normally ordered characteristic functions will be given only for those
modes between which anticorrelation occurs. It can be shown that no anticorrelation
exists between Stokes photons and phonons. If the initial total density operator of the
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system is given by equation (4.2), the covariance function between the Stokes photons
and phonons is positive:

(AWs AW, =|9%s|* 2 [nd (&) - &) + &5/ np(2]&1 - 1)
+ & Q2lesP +2n,+ 1]+ 2 (n, + 1)(Hs Hab T €56% +cO). (6.1)

Therefore, in this case, correlation between photons and phonons is obvious.
The phonon variance of intensity is given by

(AW = nd + 203 [n] (167 ~ &) + 16 no (& +1)

+2|36 P [n (&7~ 16 + &l o1& + D]

+20%n,(Hs b1 EE +C). (6.2)
meaning that a bunching of phonons takes place. In the second case, when the initial

total density operator of the system is given by equation (4.28), the covariance function
between the Stokes photons and phonons is positive as well, namely

(AWs AW,) =% In3 (& - np) +nd (&1 — o)

+nsnp(2)&7 ~ 1) +|&2ns + 20, + 1)), (6.3)
The photon variance of intensity is given by
(AW = ng +2| sl [n3 (&1 = ns) + & np(ne+ 1)]

+2| 222 (n3 (na— &) + nany (&7 + 1], (6.4)

To conclude, no photon—-phonon anticorrelation occurs between the Stokes photons
and phonons in spontaneous and stimulated Raman scattering. One can prove that no
anticorrelation occurs between anti-Stokes photons and phonons in spontaneous or
stimulated Raman scattering.

We shall now show that anticorrelation between the incident laser photons and
phonons occurs in spontaneous Raman scattering. The joint normally ordered quasi-
distribution function for the laser and phonon mode, when the initial total density
operator has the form (4.28), is given by

Cn(B, By 1)
=exp(Bigt (1) — BF&(1) — B Bi(t) ~ 1B,/ Bylt) — BilB G (1)
+B1 1Bl Gipo (1) + B1|Bo* Bi(£)) (6.5)
where
&(r) =[&— Y P &(ns+ny + 1) + 3% bi(na — np)] exp(—iant) (6.6)
Bi(t) = |¥s[* P nsny + | %2 P na(n, + 1) 6.7)

B, (1) =(dp (1d, (1))
= np+| 9521 (np + 1) + |3 Pns(|&] — ny)

+|# P na(|&) + o+ 1) = |6 ny (6.8)
Giop(t) =39 + |9 ) P ing(n, + 1) — | s P einsn,
~|9% 2 &ina(ng + 1)] exp(—iwnt) (6.9)

Bi(t) = |%#s|*t*n2ns +| ) P (np+ 1)*n.. (6.10)
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The covariance function for the incident photons and phonons in spontaneous Raman
(ng = na=0) has the form

(AW, AW,) = (Gipp(DEF (1) + Giop (DE(D)) mg=namo
= — (|9 + D)7 & npln, + 1). (6.11)

Hence, anticorrelation between the laser photons and phonons is obvious. The
existence of an anticorrelation effect (6.11) excludes the existence of a function
Pn(El, &5, 1). The quasi-distribution function for the phonon mode is given by the
Gaussian function

Dn(gh, 1) = (1/mBy(1)) exp(—|&|*/ By(1)) (6.12)

with the variance By(t) = np+ %> 1%|&/*(nps 1) — | #.]*¢*|&]n,. From equation (6.12)
we see that the initially chaotic phonon mode is chaotic for ¢ > 0. If initially the phonon
mode is in vacuum state, it remains so.

Finally, it should be noted that the complete characteristic function
Cn(Bi, Bs, Bas By, 1) can be calculated using the above method. The results, however,
are rather complex.

7. Conclusion

A fully quantum mechanical treatment of anticorrelation effects in Raman scattering by
phonons is given using the quantum characteristic function technique. Anticorrelation
effects are intrinsically quantum mechanical and are not contained in classical theory.
Anticorrelations between incident laser photons and scattered photons occur in
stimulated Raman scattering only. In spontaneous Raman scattering the incident and
scattered photons are not correlated. Anticorrelation between scattered photons and
phonons occurs neither in spontaneous nor stimulated Raman scattering. Photon-
phonon anticorrelation takes place between incident photons and phonons in spon-
taneous Raman scattering.
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